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1. Introduction 
The set of eonformal equivalence classes of closed Riemann surfaces of genus c 
forms a complex algebraic variety of dimension 3a - 3 called the moduli space of 
Riemann surfaces of genus a, denoted by M,. These moduli spaces have complicated 
singularity sets arising from nontrivial symmetries of certain Riemann surfaces. In 
this paper we stratify the moduli space into smooth locally closed strata such that 
each stratum consists of “equisymmetric” surfaces (see Section 2 for definition). 
We call this stratification the e~ui~~mmetric ~trati~cation. Not only does this 
stratification yield some insight into the structure of the moduli space but can be 
used to construct contractible cell complexes on which the mapping class group 
acts. As a simple application of these cell complexes we can compute the Krull 
dimensions of the mod p cohomology algebras of mapping class groups. 
In Section 2 we introduce the equisymmetric stratification, After recalling some 
facts about Teichmiiller spaces and automorphism groups of Riemann surfaces, for 
use in Sections 2 and 3, we then prove Theorems 2.1 and 2.7, the main results of 
this paper. Theorem 2.1 states that equisymmetry induces a stratification with 
connected strata in l-l correspondence to certain conjugacy classes of finite sub- 
groups of the mapping class group. Theorem 2.7 gives an existential method of 
constructing, from the equisymmetric stratification, a contractible simplicial complex 
X on which the mapping class group of a surface of genus a, F,,, acts so that X/r, 
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is compact. From this and a knowledge of how finite groups act on surfaces we can 
compute the Krull dimension of H*(I’,; F,), Fp = Z/pZ. We do this in Section 3, 
the main result is Theorem 3.3. 
Several authors have alluded to the existence of the equisymmetric stratification 
in their works [15,17, 13, Ill. Our effort is to fit known results together in order to 
create new contractible cell complexes on which mapping class groups act. We are 
motivated by the genus-l case (see [3, p. 215; 19, p. 351 for pictures) where the 
mapping class group is SL,(Z) and the moduli space is the upper half plane. The 
action of S&(Z) on the upper half plane may be used to create an action of S,!,,(Z) 
on a tree and thereby represent Z,(Z) as a graph of groups. Our construction 
represents the mapping class groups as “cell complexes” of groups. An analysis of 
these cell complexes or, alternatively, the stratification could yield results about the 
homology and cohomology of the mapping class groups, adding to the known results 
in [7,9, 10,4,5]. Section 3 gives a contribution in this direction. Actually, part of 
the results of Theorem 3.3 could be proven without resorting to these cell complexes 
by appealing to results in [16, Section 151. However we give a (brief) argument as 
an example of taking advantage of the natural action of the mapping class group 
on the naturally associated object, the Teichmiiller space. Our arguments are similar 
to those of [ 16, Section 141, replacing Quillen’s symmetric spaces by the Teichmiiller 
space. Essential use is made of Quillen’s result [16, Corollary 7.81 on the Krull 
dimension of the modp cohomology algebra of a finite group. 
The author wishes to thank the referee for comments on improving the exposition 
of this paper. 
2. Equisymmetry, equisymmetric stratification and Teichmiiller spaces 
2.1. Equisymmetry 
Let S be a connected, compact, orientable surface, I7 = nr(S, x,,). If h E Diff(S) 
is a diffeomorphism of X and 8 is a path from x0 to h(x,), then (Y + 6-l * h.+(a) * 6 
is an automorphism of II. A different path 6’ yields another automorphism differing 
from the first by an inner automorphism. Thus there is a homomorphism: Diff (S) + 
Out(n). This homomorphism is clearly trivial on Dif&,(S), the subgroup of 
diffeomorphisms diffeotopic to the identity. We then get a homomorphism: 
T(S) = Diff(S)/Diff,(S) + Out(n). 
Since S is orientable there is a subgroup Diff+(S) of orientation-preserving 
diffeomorphisms. It is easy to show that Di&(S) c Di@(S) so that a subgroup 
r+(S) = Diff+( S)/Diff,( S) G r(S) of index 2 is determined. 
It is well known (see [21] for instance) that 17 is isomorphic to the abstract group 
II, given by: 
a1 ,..., %PI,..., Pu: fi [w,Pil=l 
> 
, (2.1) 
i=, 
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and that 
r(s) = Out(17,). (2.2) 
The group T+(S) or its image Out’(n) in Out(n) is called the mapping class group 
of S. It is also well known that (also [21]): 
Out+(n) = (4 E Out(n): C$ is orientation-preserving}. (2.3) 
An automorphism q5 E Aut(lT) is orientation-preserving if it is induced by an 
automorphism 6 of the free group (ai, pi : i = 1, . . . , a) such that J(c) is conjugate 
to c, where 
c = ii ia,, Pil. 
,=I 
Let I-, = Out’(&) be the abstract group defined by (2.1) and (2.3), independent 
of any Riemann surface. For any closed Riemann surface S, a dissection of S into 
a 4cT-sided polygon yields a map nl(S, x,) + I&, and hence a map T+(S) + r,. This 
map is unique up to an inner automorphism of r,. 
If F is a finite group of orientation-preserving diffeomorphisms of S, then the 
various maps F G Diff+(S) + J’+(S) + r,, described above, determine a conjugacy 
class of finite subgroups of r,,. For a closed Riemann surface S of genus u let 
Aut(S) denote the group of complex analytic automorphisms of S. If u 2 2, then 
Aut(S) is a finite group of orientation-preserving diffeomorphisms [6]. Thus Aut(S) 
determines a conjugacy class of subgroups E(S) of r,. We call 1 (S) the symmetry 
type of S. Obviously if two surfaces are conformally equivalent, they have the same 
symmetry type so we may talk about the symmetry type of the points of the moduli 
space. 
Definition. Two closed Riemann surfaces of the same genus are said to be equisym- 
metric if they have the same symmetry type. If (F) = {~FY~‘: y E r,} is a conjugacy 
class of finite subgroups of r,, then the (F)-equisymmetric stratum of M,, is the set: 
Lp={SEM,: E(S)=(F)}. 
Also define: 
McF’={S~ M,: E(S)>(F)}, <r 
where Z(S) z= (F) means that F is a subgroup of some group in E(S). 
It is evident that 
j$jcF) = M;F) _ U Mb”‘. 
I7 
GIF 
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Our main theorem of this section is: 
Theorem 2.1. Let M, be the moduli space of Riemann surfaces of genus a, FE r, a 
finite subgroup of the corresponding mapping class group r,. Then: 
(1) MbF’ is a closed, irreducible algebraic subvariety of M,. 
(2) &l’,F’, . zf zt IS nonempty, is a smooth, connected, locally closed algebraic subvariety 
of M,, Zariski dense in MbF’. There are onlyfinitely many distinct &bF’. 
Remark. By (1) and (2) of the above theorem the &?bF’ form a stratification of M,. 
Before getting to the proof of Theorem 2.1 we recall some facts about the homology 
representation of r,, the Teichmiiller space T, and the way finite groups act on 
surfaces. 
2.2. Homology representation 
Given a surface S, there is a map r, + T+(S) + Aut( H,(S, Z)) obtained by letting 
elements of T+(S) act on the first homology group H,(S, iz) ^- 2’“. Since the 
symplectic intersection form is preserved, there is a map r, + Sp,(Z), unique up to 
inner automorphism. By the Lefschetz trace formula and a lemma of Serre [6, 
pp. 265-2761 we get: 
Proposition 2.2. Let r,+ Sp,(Z) be the homology representation above and r,+ 
Sp,(Z) + Sp,(F,) the map obtained by reduction mod p. Then: 
(1) r, + Sp,(Z) has torsion free kernel, 
(2) r, + Sp,(Z) + Sp,(F,) has torsion free kernel, at least for o 2 2, p 3 3. 
2.3. Teichmiiller spaces 
Any Riemann surface of genus u 2 2 may be represented as the quotient H/P 
where H is the upper half plane and P c PSL,(Iw) is a discrete subgroup isomorphic 
to II,. If P’ is another such subgroup, then H/P and H/P’ are conformally 
equivalent if and only if P and P’ are conjugate in PSL,([w). From covering space 
arguments we get: 
Aut(S) = ~ps~Z(Iw)(P)IP 
The Teichmiiller space, T,, may be defined as one of the two components of the set: 
{f: 17,+ PSL,([w): f is injective, f(&) is discrete}/PSL,(lR), 
wheregEPSL,(IW)actsbyf~fg:fg(cy)=gf(~)g-’.Themapf~(f(a,),...,f(P,)) 
allows us to identify T, as a topological subspace of (PSL,(rW))‘“/PSL,(R). The 
mapping class group acts on T, by ( y, f) + yf = f 0 y, f E T,, y E r,. By the preceding 
paragraph M, = TV/r,, as sets and if S = H/f(&), f E T,, then we may define a 
map from the isotropy subgroup: 
rc.,f={yd-,: yf=fj+ht(s). (2.4) 
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This map is easily shown to be an isomorphism and since Am(S) is finite then so 
is each rV,,. The following facts are well known about T, (see [l, 17, 181). 
Proposition 2.3. Let notation be as above. Then: 
(1) T, is d.i#ieomorphic to R6rr-6, 
(2) T, has a complex analytic structure such that it is biholomorphically equivalent 
to a bounded domain in @3u-3, 
(3) r, acts properly discontinuously on T, and r, is the full group of biholomorphic 
automorphisms of T,. 
Next we need some information on the fixed point subsets for the action of r, 
on T,. For any finite Fs r, let 
T,F={fET,:yf=f,yEF}. 
Because of the Nielsen Realization Theorem, proved by Kerckhoff [ 121, we also have: 
Proposition 2.4. If F E r, is finite, then Tc is nonempty. 
Let F G r, be finite and let f. E Tr. There is a subgroup F* of PSL,(R) with 
fo(rr,) G F* E N~swj(fO(K)) such that F* + F*/ fO(17,) + Aut(H/ fo(II,)) + r,, 
has image conjugate to F. Let S = H/ fO(17,) and F G Aut(S) be the subgroup 
corresponding to F. The map S + T = S/F is a branched covering, ramified over 
some points Q1 , . . . , Q,. Let T be the genus of T and ni the branching order at Q,, 
i.e., nj = l{g E F: gx = x)1 where x is any point lying above 9,. Assume n, s n2 <. . * s 
n, and call A = (7: nI , . . , n,) the branching data of all three of F, F*, i? 
Define 
(2.5) 
and let T(A) be one of the components of {f: II(A) + PSL,(R): f(IT(A)) is discrete, 
f is injective}. Pick g,,e T(A) so that g,(IT(A)) = F*. Since F* ~f~(17,) there is an 
inclusion L : I;r, + 17(A) and a map L.+ : T(A) + T, given by g + g 0 L such that JO = 
b*(g,) =g,o L. We have [ll, 81: 
Proposition 2.5. Let notation be as above. Then: 
(1) T(A) is a complex-analytic mantfold of dimension 3( T - 1) + t, diffeomorphic to 
lR6(T-‘)+2’ 3 
(2) L*: T(A)+ T, is a real-analytic embedding of T(A) onto a closed complex 
submantfold of T,, and 
(3) T,F = +(T(A)). 
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2.4. Automorphism groups of surfaces 
For any surface S, and subgroup FC Am(S), we have P = F*/ f(l&,), for some 
F”, f(I&) as above. From (2.5) and the fact that f(&) is torsion free we deduce 
the existence of a,, . . . , a7, b,, . . . , b,, c, , . . . , c, E Aut(S) such that 
Pisgeneratedbya, ,..., a,,b ,,..., b,,c ,,..., c,, (2.6i) 
Ii [a,, hl Ii c, = 1, 
i=l j=l 
(2.6ii) 
and 
O(Ci) = ni. (2.6iii) 
We call a (27+ t)-tuple, (a,, . . . , a,, b, , . . . , b,, cl, . . . , c,), of elements of any 
finite group F which satisfy (2.6i)-(2.6iii) a generating (7: n,, . . . , n,)-vector. We 
have the following consequence of Riemann’s existence theorem (cf. [20] for proof). 
Proposition 2.6. The$nite group F is isomorphic to a group of automorphisms of a 
genus-w Riemann surface with branching data (T: n,, . . . , n,) if and only if F has a 
generating (7: n, , . . . , n,) -vector and the Riemann- Hurwitz equation: 
(2-2a)/lFI=2-27.-- i (l--l/n,) (2.7) 
I=, 
is sa tkjied. 
Proof of Theorem 2.1. Let r’s r, be a torsion-free subgroup of finite index. Such 
a subgroup exists by Proposition 2.2. Let 
U, = TV/T’, Q = w-i 
and let 
v1. ’ T, + urn, 7~~: U,+ M, and ~=rrZo~l:TC+M, 
be the canonical quotient maps induced by the action of r’, Q and r, respectively. 
Let 77 : r, + Q be the canonical projection. Since I” is torsion free its action is fixed 
point free, so T, is the universal cover of U, and U, is a smooth variety. According 
to Mumford, as a consequence of the Generalized Riemann Existence Theorem, 
[15], U, is an algebraic variety in a unique way such that nZ is a morphism. This 
map is also a finite morphism. Each element q E Q acts as a morphism of U, with 
respect to this structure. To see this, pull back the algebraic structure (structure 
sheaf) via q to create a new variety Ub whose underlying set is U, but whose 
structure as an algebraic variety is possibly different. But then the map ~~~ 
rZ 0 q: lJb+ M, would be a morphism of algebraic varieties. Appealing to the 
uniqueness of the algebraic structure on U, with respect to 7r2 we see that Ub is 
really just U,. It follows that q is a morphism. 
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Since TJFym’ = yTF, y E r, it easily follows that MbF’ = r( Tz). Since Q acts 
morphically on the smooth variety U, then the fixed point subset UzCF’ is a disjoint 
union of smooth, closed, irreducible subvarieties. Since rrTT1: T,+ U,, is a locally 
biholomorphic covering map, intertwining the action of F and q(F) it follows that 
r1 maps Tz holomorphically onto one of the components of UzCF’ (there may be 
other components, possibly of different dimensions). Since V~ is a finite map and 
v,( Tfi) is a closed subvariety of U, then MIF’ = T~( rl( TF)) is a closed subvariety, 
clearly irreducible, since Tc is diffeomorphic to Euclidean space. It is clear that 
fiCF) is Zariski dense as long as it is nonempty since A%lF’ = r( Tc-UG=F Tz) Cr 
and UG3F Tz is a closed locally finite system of closed submanifolds of T, (see 
[ll, 171). Each point r(x) in M, (F) has a neighbourhood of the form (Vn Tc)/r, 
where r, is the stabilizer of XE Tr and V is some r,-equivariant neighbourhood 
of x in T V. If x lies in GbF), then r, = F so r, acts trivially on Vn Tc, thus $fLF’ 
is smooth at x. All is now proven. 0 
Theorem 2.7. The Teichmiiller space T, contains a r,-equivariant simplicial complex 
X which is a strong deformation retract of T,. The group r, acts properly discontinuously 
and simplicially on X, and X/T, is a compact simplicial complex. 
Proof. The moduli space M, has a compactification tiV to a projective variety such 
that M, is a quasi-projective subvariety, i.e., there is a closed subvariety aM, such 
that M, = A?& - aM, (see [2]). For any finite subgroup F c r, let Mjf’ be the Zariski 
closure of MbF’ in I’&. Since MbF’ is closed in M, then MbF’ = M, n MLF’. By the 
Lojasciewicz triangulation theorem [ 141 there is a triangulation of fi such that aM 
and each MbF’ IS a subcomplex. By barycentric subdivision we may assume they 
are full subcomplexes. 
By construction, for any simplex S of h?, not contained in aM, the interior So 
lies entirely inside some 6:‘. Thus it follows that the isotropy groups TV,, are 
locally constant on K’(S’), i.e. 6’(S”) is a disjoint union of cells and TC,_f is 
constant on each cell. Let Y be the compact subset of M formed by taking the 
union of all simplices which are disjoint from aM. Theorem 2.7 follows immediately 
from the following claim. 
Claim. The set X = K’(Y) is a strong deformation retract of T,. 
Proof. M - Y” is a union of simplices of i’i$,, with one face cut off, i.e., the union 
of all sets of the form S - S n dM such that the simplex S meets dM. Given such a 
set there is a strong deformation retract of S-SnaM onto as-aSndM (observe 
dSn8M = SndM = a single face of 3M). If So is an open subset of M, then the 
above retracting deformation extends continuously to all of M. 
Now deform, as above, all S- SndM where S has maximal dimension. We 
obtain a strong deformation retract Y, of M. Next apply the same process to Y, 
with simplices of the next lower dimension. Inductively we obtain M = 
Y, 1 Yl 2 . . * 1 Yk = Y, each Y, a strong deformation retract of Y,_, . In each stage 
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of the above construction the projection rr : T~‘( Yi) + Y, is a covering space over 
Y, - Yi+1, because of the local constancy of the isotropy subgroups on sets of the 
form vP1( So), S SZ JM. By a path lifting argument K’( Yi+,) is a strong deformation 
retract of K1( Yi). It follows that X = K’(Y) is a strong deformation retract of T,. 
The simplicial structure of Y lifts to X, and, with this structure r, clearly acts 
simplicially. Thus X is the required complex. 0 
3. Krull dimension of H*(I’, ; 8”) 
Let p be a prime, Fp the field of p elements. The cohomology algebra H*(T, ; Fp) 
is a graded algebra over Fp. As will be shown below, this algebra is a finite module 
over a polynomial subalgebra A = F,[y, , . . . , yp] where yI, . . . , y, E H*(T, ; Fp) are 
appropriately chosen. It is easy to see then that p (if p > 0) is the unique integer 
such that the function cp(q) = dimFP(H9(T,; F,)) satisfies: 
cqP-‘s (P(q) c DqP-‘, 
for all large q, for some constants C, D (if /3 = 0, then cp(q) = 0 for large q). We 
call this integer the KruZZ dimension of H*(T,; F,), denoted kd(H*(T,; Fp)). The 
proof of the following is straightforward. 
Proposition 3.1. Suppose A, B are graded rings for which the Krull dimension is dejined 
as above and 7 : A + B an algebra homomorphism. Then: 
(1) if 77 is injective, then kd(A) G kd(B), 
(2) if 7 is surjective, then kd(A) 2 kd(B), 
(3) if 77 is injective and v(A) G B is an integral extension, then kd(A) = kd( B). 
In this section we give an explicit calculation of kd(H*(T,; F,)) for all u and p. 
To formulate our theorem we need a definition and some notation. 
Definition 3.1. For v 2 2, p a prime let p( V, p) be the largest integer such that there 
are nonnegative integers t, r Z 0, 1 f 1 satisfying: 
2a-2=p@‘[(2T-2+t)p-t] (3.1) 
and 
ps27 if t = 0, (3.2i) 
p<27+t if t>l. (3.2ii) 
The values of /3( U, p) for small a; p are given in Table 1. Let p( G, p) denote the 
p-rank of a group G. The number p( G, p) is the largest integer such that G has an 
elementary Abelian p-subgroup of order p @, if this number exists, and /3(G, p) = ~0 
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Table 1. Krull dimensions of coholomology algebras of mapping class groups: H*(T,; F,) (zero entries 
are denoted by a dot) 
P 
l7 2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71 73 79 
2 2 1,. .................. 
3 3 1. 1, ................. 
4 2 2 1.. ................. 
5 4 11, 1,. ............... 
6 2 12 1. 1.. .............. 
7 3 2 11.. ................ 
8 2 11 1.. 1.. ............. 
9 4 11 1.. . 1.. ............ 
10 23111................. 
11 3 11. 1.. . 1.. ........... 
12 2 11 * 11.. .............. 
13 4211.1................ 
14 2 11 1. 1.. . 1.. .......... 
15 31121.....* ........... 
16 22211.1............... 
17 5 11 1 .. 1.. ............. 
18 2 11 1. 11 1.. . 1.. ........ 
19 3 3 11. 1. 1.. ............ 
20 2 1 * 11.. 1.. .. 1.. ....... 
21 4 12 11.. ...... 1.. ...... 
22 2 2 * 11.. . 1.. ........... 
23 3 11 11.. . 1.. ... 1.. ..... 
24 2 111. 11. 1.. ........... 
25 5211111............... 
26 2 12 11 1.. ....... 1.. .... 
27 3 11 11 1. 1.. ............ 
28 2311...1.1............ 
29 4 11 1.. ... 1.. .... 1.. ... 
30 2 11 111.. 11.. .... 1.. .. 
31 322111....1........... 
32 2 1111 11.. . 1.. ......... 
33 5 11 11. 1. 1.. ....... I.. . 
34 2211*.1.1............. 
35 3 11 11. 1.. .......... 1 .. 
36 2122?1.1...1........1. 
37 431111.1...* .......... 
38 2 * 11 * *. 1.. . 1.. ........ 
39 3 1 * 1. 1 ., ............. 1 
40 22111,1....., ......... 
otherwise. Quillen has proven the following relation between Krull dimensions and 
the integer P(G, p) for finite groups [16, Corollary 7.81. 
Proposition 3.2 (Theorem of Quillen). Let G be ajinite group and p( G, p) as above. 
Then : 
WH*(G; F,>) = P(G PI. 
110 S.A. Broughton / Equisymmetric stratification and Krull dimension 
Theorem 3.3. Let notation be as above; then the p-rank of r, and the Krull dimension 
of H*(I’,; I$,) both equal p(a,p), i.e., 
P(rc, PI = P(a, PI = WH*(r,; FJ)- 
This theorem follows from the next two propositions. 
Proposition 3.4. Let r,, p (u, p) be as above. Then : 
P(rv, P) = @(a, P). 
Proposition 3.5. The Krull dimension of r, is given by: 
kd(H*(r,; $,)I = P(r,, P). 
Proof of Proposition 3.4. By Kerckhoff [12], r, has a subgroup isomorphic to (Z,,)O 
if and only if (Z,)a occurs as a group of automorphisms of some surface of genus 
U. If (Z,)p does occur as such a group of automorphisms, then the branching data 
mustbe(r:p,... , p) with t branch points. By Proposition 2.6 (Z,)’ has a generating 
(cp,... ,p)-vector (a,, . . . , a,, b,, . . . , b,, cl,. . . , c,) and 
(2-2o)/pP=2-27-t(p-1)/p. 
From these facts the formulae (3.1), (3.2i) and (3.2ii) automatically follow. Since 
(Z,)@ is Abelian (2.6ii) implies t # 1. The proposition will be proven by showing 
that for each choice of p, T, t such that (3.1) and (3.2) hold (Z,)p occurs as a group 
of automorphisms of some surface of genus 0: By Proposition 2.6 it further suffices 
to show that (3.2) and t # 1 imply that (Z,)’ has a generating (T: p, . . . , p)-vector 
(a,,...,a,,b,,...,b,,c,,..., c,). We consider various cases. 
Case 1: t = 0, p G 2~. Pick a Z,-basis of (Z,)’ and set a,, b,, az, b,, . . . equal to 
elements of the basis until we run out of basis elements, then set the remaining ai, 
bi arbitrarily. This is possible by (3.2i). 
Case 2: t > 0, p 2 t - 1. Pick a Z,-basis of (iI’,)’ and set cr, . . . , c,_~, a,, b,, a2, 
b 2,,.. equal to elements of the basis until we run out of basis elements. Set the 
remaining ai, bi arbitrarily and let c, = (cIc2 * . . c,_,)-*. By (3.2ii) this gives a generat- 
ing vector. 
Case 3: t > 0, 2~ p s t -2. Let c, , . . . , co be a basis for (Z,)O, set cp+, = . * * = 
c,_~ = c,, c, = (c, . * * c,_~)-‘, ai, bi arbitrary. 
Case 4: p=l, p#2. Let Z,=(g). Set c~=*..=c,_~=~ if t+l (modp) and 
c,=. . . = c,_~ = g, c,_r = g2 if t = 1 (mod p). Set c, = (cr . - * c,-,)-‘. 
Case 5: p = 1, p = 2. By formula (3.1) t is automatically even. Therefore we may 
set all the ai, bi, cj equal to the nontrivial element of Z2. All possibilities have been 
covered by these five cases. 0 
Proof of Proposition 3.5. Let r denote I’,, p denote @(a, p). First we show that 
kd(H*(T; I$)) G p by using a spectral sequence and Quillen’s theorem for finite 
groups, and then we demonstrate the reverse inequality. 
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Let X be the contractible cell complex of Theorem 2.7. Since X is acyclic then 
the equivariant cohomology algebra Hr(X; F,) is isomorphic to H*(T; F,), [3, 
p. 1731. Let E be a set of representatives of cells of X/T; let & denote the set of 
k-cells of 2. There is a spectral sequence (Cartan-Leray) 
E;‘+Hk+‘(T; I$) 
[3, pp. 173-1741. The E, term is given by: 
E?= 0 H’(T,; (FJs), 
SE& 
where r, = {g E r: gs = s}, a finite group, and (FP).y is the I’,-module FP on which 
r, acts by the orientation character xc defined by: 
A%(g) = I, if g preserves orientation of s, 
xs(g) = -I, if g reverses orientation of s. 
Since the direct sum above is finite the first inequality will be proven if we show 
that 
dimq( H’(T, ; (F,),)) s CSlp-‘, 
for some constant C, and all large 1. This follows from the following claim. 
Claim 1. Let G be a jinite group p(G) its p-rank and V a jnite-dimensional F,(G)- 
module. Then there is a constant D such that: 
dimFp(HY(G; V))S DqP(G)pl, 
for all large q. 
The second inequality that we need to establish is: kd(H*(T; FP)) 2 p. This follows 
from (2) and (3) of Proposition 3.1, Quillen’s theorem and the following claim. 
Claim 2. Let F be a finite subgroup of r. Then H*( F; FP) is a jinite module over the 
subalgebra Resg( H*(T; FP)). 
Proof of Claim 1. Let P be a p-Sylow subgroup; then Resg maps H4(G; V) 
isomorphically onto the subspace of G-invariant elements of H4(P; V). Since 
P(G) = P(P) and 
dim%( HY( G; V)) c dim,( Hq(P; V)), 
we may assume G is a p-group. 
We proceed by induction on dim V. If dim V = 1, then V is the trivial module 
and the result is just Quillen’s theorem, i.e., kd(H*( G; F,)) = p(G) for arbitrary 
finite G. Now suppose that dim V> 1. There is a submodule V’G V such that V/ V’ 
is FP with trivial action. The exact sequence V’+ V+ F, gives 
. . .+ H’(G; V’)+ Hq(G; V)+ Hq(G; F,)+. . . , 
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and hence dim%(H’(G; V))S d imFP(H4(G; V’))+dimFP(H4(G; I$)). The claim 
now follows by induction and Quillen’s theorem. 
Proof of Claim 2. Let r’ be a normal torsion-free subgroup of r of finite index 
and FL, r++G the resulting exact sequence. Consider the diagram of maps of 
equivariant cohomology algebras: 
H”(T) = H?(X) -H&(X/r') 
I I I 
H*(F) - G(X) - H$(X/I"). 
The vertical maps are induced by restriction. The left-hand horizontal maps are 
induced by collapsing X to a point. The right-hand horizontal maps are induced 
by the quotient map of pairs (J’, X) + (G, X/P). The left-hand horizontal maps 
are isomorphisms since X is contractible. The top right-hand map is an isomorphism 
since r’ acts freely. The claim is true if the composition of maps Hg(X/T’)+ 
H$(X/F) + H:(X) induced by (F, X) + (F, X/T’) + (G, X/T’) is finite. This is 
the case since X is contractible and F+ G is injective [16, Corollary 2.31. 0 
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